The tautochrone on a cycloid curve is usually considered without drag force. In this work, we investigate the motion of a damped cycloidal pendulum under presence of a drag force. Using the Lagrange formulation, and considering linear dependence with velocity for damping force, we found the dynamics of the system to remain tautochrone. This dictates the possibility for studying the tautochrone experimentally, e.g. the cycloidal pendulum in water or oil. Keywords: tautochrone, cycloidal pendulum, damped harmonic oscillator, drag force.
Introduction
The cycloid has received much attention due to its mathematical and physical properties, which offers many pedagogical benefit. There are two well known physical properties: the brachistochrone and the tautochrone [1] [2] [3] . The brachistochrone is the curve upon which the motion of a particle between two points in a vertical plane lasts the shortest time, i.e. A → O in Fig.1 . The tautochrone is the curve upon which it takes a particle the same time to go from any point to the lowest point on the curve, e.g. A → O or B → O in Fig.1 .
It is generally accepted that the tautochrone only occurs for the frictionless motion of a particle through a cycloid track or a cycloidal pendulum. In this paper we proof that this is false. In the following section we discuss the tautochrone in a cycloidal pendulum with drag force, trough a simple Lagrangian analysis. 
Motion under damping force is also tautochrone
Consider the cycloidal pendulum shown in Fig.1 . In this inertial frame the particle has a motion through the cycloid, so that its parametric equations are
and
with 0 ≤ θ ≤ 2π. The arc length is s = −4R cos θ 2 , thus s > 0 for θ > π and s < 0 for θ < π.
From Fig 1 , the potential energy of particle is E p = mgy. According to Eq.(3) it also can be written as
where
The Lagrangian of system is
and the Lagrange's motion equation with drag force
where the generalized coordinate is the arc length s and u T is a unit vector tangent to the curve. 
it is the differential equation of damped harmonic oscillator. We are interested in the case ω o > γ. Therefore, the solution of Eq.(6) for v o = 0 is
where ω 2 = ω 2 o −γ 2 , T = 2π ω , and s o is the initial position of the particle. 
Conclusions
In this work we reported the tautochrone in the cycloidal pendulum in presence of a damping force using a simple Lagrangian analysis. These results could be used for the experimental physics class or as a simple experimental demonstration of the tautochrone with a cycloidal pendulum into air water, oil or other fluid.
